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An analysis has been carried out to develop simplified algorithms which are helpful in the design problem of
space radiators and in performance calculations for off-design operating conditions. Five types of space
radiators with liquid coolant circulation are taken into consideration. They are a plane radiator without heat
pipes (type 1), one with conventional heat pipes (type 2), one with variable conductance heat pipes (type 3), a
conical radiator associated with a nuclear reactor (type 4), and a tube with radiative fins forming V-cavities (type
5). The variational method is employed to obtain an analytical solution of a nonlinear differential equation
which governs the heat balance of a radiator panel exposed to solar radiation. This solution permits the
calculation of inlet and outlet liquid temperatures, which must be within allowable limits specified by design
requirements. One then applies the flat-front theory to the estimation of active lengths of variable conductance
heat pipes. This paper presents several figures for design practice of radiators of type 3. They can be used to
determine the optimal reservoir volume and the reservoir temperature which should be controlled in response to
the heat rejection rate. The optimal quantity of control gas depends on the nature of working fluids. The fluids
investigated are ammonia, Freon-11, Freon-21, and methyl alcohol. Parametric studies are then made to op-
timize the dimensions of a type 4 radiator and to analyze the effect of fin surface nondiffusiveness on the per-
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formance of a type S radiator.

Nomenclature
=cross-sectional area
=coefficient specified as Eqs. (52), relating to Eq. (51)
=absorption factor, given in Eq. (A10) or (Al1l)
b’ =coefficients defined in Eq. (5) or (59)
=specific heat of liquid at constant pressure
=coefficient defined in Eqs. (18), (36), (42), or (65)
=factor specifying solar direction, defined in Eq. (62)
or (Al4)
=fin thickness
=heat transfer coefficient between liquid and tube
=solar constant
=functional defined in Eqs. (16), (34), or (40)
=length
=mass of radiator panel or cone
=number of tubes or heat pipes
=number of moles of control gas
=vapor pressure, given in Eq. (51)
=vapor pressure at 7T
=wetted perimeter of tube
=heat load
=heat absorbed per unit fin surface, given in Egs. (9),
(61), or (A12)
=universal gas constant
=radius of cylinder or cone
=absolute temperature
=equivalent sink temperature, defined in Eq. (9)
=emissive power, defined in Eq. (69)
=volume
=half-interval between tubes or heat pipes
Z =length coordinates
z =dimensionless coordinates, defined in Eq. (11) or in
Eq. (3) or (20)
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«@ =solar absorptance

B8 =coefficient defined in the first expression of Eq. (14)
or (64)

¥ =coefficient defined in the second expression of Eq.
(14) or (64)
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=half-cone angle, shown in Fig. 2

=infrared emittance

=dimensionless temperature, defined in Egs. (12), (31),
or (38)

=solar elevation angle, shown in Fig. 2 or 3

=heat conductivity of fin material

=effective conductance per unit length

=liquid-temperature ratio, defined in Eq. (2)

=reflectance

= Stefan-Boltzmann constant

=angle defined in Eq. (56), shown in Fig. 3

=solar azimuth angle, shown in Fig. 2 or 3

=liquid flow rate
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Subscripts

=active condenser section
=fin root

=condenser section
=diffuse component
=evaporator section
=liquid coolant
=number to identify fin, tube, heat pipe, or cavity
=reservoir

=specular component
=vapor

=inlet

out =outlet

S gn we

Superscript

( )* =solar wavelength region

Introduction

HE use of space radiators has recently become of great

importance to thermal design and control as spacecraft
become voluminous, complex, and high in electrical power
consumption. Pumped liquid radiators with flat fin panels are
convectional types of radiators put into space use. For such a
radiator, Russell and Chapman!? presented an analytical
solution for transient temperature distribution in a one-
dimensional radiating fin and computational procedure for
performance of a radiator system operating at off-design
conditions. Their results being of special interest are the
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analytical representations of liquid temperatures in the
known-heat-load case where the heat rejection rate and the
tube length are given. Such a case frequently occurs for a

. radiator system designed for a maximum heat load but
operating with a lower load. However, their analyses are
based on zero irradiation environment and, in addition, the
results seem rather complicated for design purposes.

Roukis, Rogovin, and Swerdling? first made feasibility
studies on heat pipe applications to space radiators. They
demonstrated that heat pipe radiator systems are lighter than
conventional fluid loop coolant systems. Since a puncture
occurring in a heat pipe gives rise to only a minimum change
in radiator performance, a particular benefit of heat pipe
radiators is reduced meteoroid vulnerability. Their idea was
later developed by Edelstein* who designed and tested several
types of heat pipe radiators having deployment capability.
Based on the numerical and experimental results, he found a
type which met the design goals. Ward® then conducted
thermal vacuum tests to measure the performance of a
variable conductance heat pipe radiator of the type selected by
Edelstein.* For reducing costs and augmenting application
flexibility, Alario and his co-workers®7 developed a heat pipe
radiator panel of modular construction, helping to enhance
shuttle mission capabilities. Then Schlitt® applied a heat pipe
radiator to high-power shunt electronics for thermal control
of communications satellites and conducted a parametric
study to select an optimal layout of the radiator. E

Although the radiators mentioned above are plane-shaped,
there are two other kinds of space radiator configurations.
The first is closely related with a powerplant which utilizes a
liquid-metal-cooled nuclear reactor. In this connection,
Tharpe and Arker?® designed the SNAP-8 power conversion
system composed of an electromagnetic pump and a radiator
cone. Keil'® then developed a computer program to optimize
mass and structure of a conical radiator connected with a
neutron shield. The second is a radiator consisting of a tube
with radiatively interacting V-groove fins. Hering!! analyzed
the radiative transfer in such a groove and presented an
analytical expression of the solar radiosity function.
Schnurr 12 then computed the heat transfer rate from an array
of fins of triangular profile. Further advances are still
necessary in analytical studies because of few expressions3-12
suitable for engineering calculations.

The primary purpose of this paper is to present an
algorithm which can be readily applied to development of
software utilizable for design optimization and performance
evaluation of a radiator system. A systematic attempt is made
to permit treatment of various types of space radiators. Some
comparisons with test results*> are presented to verify the
solution method. The results of parametric studies are
summarized in tables and figures, some of which will serve to
establish design and operation guidelines for heat pipe
radiators recognized as an attractive means of spacecraft
temperature control.

Analysis
Fin-and-Tube Plane Radiator (type 1)

The upper part of Fig. 1 shows a schematic of a con-
ventional pumped-liquid radiator consisting of N tubes and
N+1 fins. The tubes are placed at regular intervals of 2 on
a rectangular fin panel of the length L and 2NW in width. In
this system, the heat, dissipated in onboard equipment and
transferred by cooling liquid circulation, is finally released
from radiating fins to space. The liquid temperature thereby
decreases from T, in the inlet to T, in the outlet. From a
viewpoint of operation in orbit, the radiator needs to be so
designed as to keep the outlet temperature nearly constant
over a range of heat load variation. For this reason, an
analysis should be first attempted for the coolant liquid flow.
The following assumptions are made in the analysis:
1) negligible conduction in the fluid; 2) negligible viscous
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dissipation in the fluid; 3) constant fluid properties; and
4) low flow rates.

Based on the theorem of minimum entropy production or
on an infinitesimal energy balance on the fluid, Russell and
Chapman! found the following expression giving a liquid
temperature profile along the tube length: (

Ty=Tyu* M
where p and z are defined as:

p=Tuy

/T, )
z=2Z/L 3)

The coordinate system is shown in Fig. 1, but the dimen-
sionless coordinate defined in Eq. (3) is used for convenience.
In deriving Eq. (1), Russell and Chapman'! made the
following assumption:

T,=bT, @

Equation (4) is a simplified expression between the liquid bulk
and tube wall temperatures, and according to their estimation
this expression is valid to such a degree that the error remains
less than 1% for representative radiator systems. The coef-
ficient b is here expressed as:

b=1+(C,a,/hp,L)logu (5)
Equation (5) is obtained by substituting Eqgs. (1) and (4) into a
differential equation which governs the convective heat

transfer from the liquid to the wall. A basic relationship for
the heat loss of the coolant liquid is:

chpd)f(Tin“Tout)ch‘bfTin(I_M) (6)

This expression serves as a common basis of radiator per-
formance calculations.
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Fig. 1 Geometry of plane radiators (types I and 2).
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In order to solve the unknown temperatures T, and T,
for the known heat load @, two independent relations are
necessary. One of them is Eq. (6), while the other can be
derived from an expression describing the conductive heat
flux at the fin root (X =0). For the fin analysis, the assump-
tion is made that the fin conducts heat only in a direction
perpendicular to the tube, that is, in the positive X direction.
For engineering purposes, the error due to this simplification
is acceptable because the numerical results differ less than 1%
from those of detailed nodal network analyses! which ac-
count for both lateral and longitudinal conduction in the
fin. Since this assumption renders the problem one-dimen-
sional, the conductive heat transfer is estimated at
— 2N (dT/dX) y-odZ for an elemental longitudinal distance
dZ. The total heat transfer is obtained by integrating this
expression over all the tube length. The result becomes Q/N
because the heat load is distributed to each tube in an equal
manner resulting in the following expression:

ol () 2 o

The problem is now to reduce Eq. (7) to a more convenient
form. Attention is therefore turned to finding a steady-state
fin temperature distribution from which the temperature
gradient can be calculated at the fin root. As seen from Fig. 1,
every fin originates from a tube (X =0) and extends as far as a
midpoint (X=W) or an edge (X=W) of the panel. In
addition to this geometrical identity, there is no difference
between any two fins in thermal properties. Thus one has only
to consider a fin extending over the range 0 <X =< W. In this
region, the thermal balance of an infinitesimal fin element d.X
on a double-sided radiator is governed by the following
nonlinear differential equation:

2

d?T
)\h@ =(ey+e)aT*—gq, 8)

where g, is expressed as:

qp=¢€,0T% )]

Equation (9) shows the incoming radiation absorbed in the
outside fin surface of the emittance ¢,, where the irradiation
environment is specified by the equivalent sink temperature
T,. The boundary conditions to be considered are:

T(0)=Ty T (W)y=0 (10)

For a nondimensional approach, one introduces the
following new variables:

x=X/W ay
0=T/T, (12)
By using Eqs. (11) and (12), Eq. (8) is rewritten as:

dze g
— =T34 - — 13
dx? YiB Ty (13)

where 8 and vy are defined as:

_qoW? _ (eg+e)oWw?
=" Y= (14
Equation (10) then becomes:
6(0)=1 ' (1y=0 (15)
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The difficulty in solving Eq. (13) is nonlinearity such as 6+,
but the variational method provides an analytical means
which can deal with this difficulty. Application of the
variational principle to the boundary value problem defined
in Egs. (13) and (15) leads to the following functional:

Lerd@N2 2 28
J=S {(—) : T305——0]dx 16

o (\dx * sV0s Ty (16)
It is easily proved that an extremum of Eq. (16) is equivalent
to the solution of Eq. (13). An approximate expression of the
extremum can be found by the use of the Ritz procedure. The

following expression satisfying Eq. (15) is a test function
employed with a view to minimizing Eq. (16):

0=1—c(2x—x?) amn

The optimal value of the unknown coefficient ¢ is determined
in such a way that dJ/dc=0 where J is a reduced expression
obtained by substituting Eq. (17) into Eq. (16):

23 8 8 N\~
== Tf—-)(1 ° T3) 18
¢ 40(7 s JUF57E (18

Equation (7) is now expressed as follows by using Egs. (3),
(11), (12), and (17): ‘

_4NMIL Sl

Q , cTgdz 19

Equation (19) associated with Eqgs. (1), (4), and (18) can be
numerically computed, and the result permits the estimation
of the outlet-to-inlet temperature ratio. Thus the inlet liquid
temperature is derived from Eq. (6).

Fixed Conductance Heat Pipe Radiator (type 2)

The radiator shown in the lower part of Fig. 1 is the least
complicated type of heat pipe radiator, which consists of L-
shaped, fixed conductance heat pipes directly coupled to the
fluid header. Each of the heat pipes is L, in evaporator length,
L. in condenser length, and the same in thermal charac-
teristics. The geometry is identical to a radiator of type 1,
expect that the fluid tubes are replaced with heat pipes, but the
coordinate system is different from that for type 1. The Z axis
runs parallel to the fluid header in a direction of liquid flow.
The X axes are also parallel to the fluid header. The radiator
panel is composed of N+ 1 fins: the nth fin (n=1,2,..,N~—1)
forms a rectangular plane between the nth (X=0)and n+ 1th
(X=2W) heat pipes; but the zeroth or Nth fins, originated
from the first or Nth heat pipes, extend as far as the left or
right edges (X'= W) of the panel, respectively.

As distinct from the radiator of type 1, the passage distance
of coolant liquid is not L but 2NW. The following new
coordinate is therefore employed in place of Eq. (3):

z=Z/2NW 20)

Because of the similarity law on liquid temperature
distributions, Eq. (1) holds good as before. A basic quantity
derived from Eq. (1) is the heat transmitted to the nth heat
pipe. This heat supply, denoted as Q,,, is equal to the energy
loss in the liquid streaming down the interval
(n—1)/N=z=n/N; and, hence, is given by the following
expression:

Q= Cpio Ty (w1~ D/N — i 1)

Taking the average of Eq. (1) over the above interval, one has
the mean liquid temperature:

T,=-NQ,/C,ologu 22)



518 M. FURUKAWA

Equation (22) gives plots (z=1/2N, 3/2N,...,(2N—1)/2N)
of a liquid temperature distribution (0 <z =<1).

The heat, specified as Q,, is conducted from the header
wall to the evaporator section, and then transferred to the
condenser section with a vapor flow of the working fluid in

. the heat pipe. This heat transfer can be simply formulated as:

Qn =XeLe ( Tfn - TVn ) ’ (23)
Qn =XL‘LC ( TVn - TBn ) (24)

where A, and A, are the effective heat conductance per unit
length of the liquid-to-vapor interface and that of the vapor-
to-fin interface, respectively. The vapor temperature drop in
the condenser section is not taken into account because this
effect is generally very small. The vapor temperature in the
nth heat pipe and the fin root temperature of the nth fin, T,
and T, , are readily derived from Eqgs. (22), (23), and (24):

Tyy=0,(—N/C,ilogu—1/\L,) (25

Ts,=0,{ —~N/C i ogu— (I/NL,+1/NL.)}  (26)

In setting up Eqgs. (23) and (24), it is assumed that the heat is
uniformly dissipated in the condenser section, and that there
is no heat soak from the evaporator section to the fin panel.
Because of the above assumptions, the problem becomes
one-dimensional/Hence the temperature gradient along the X
axis is constant at any point of the fin root. This results in the
following expressions which are basically equivalent to Eq.

(7):

2 =)\hL"{_ (% )x:o_ (% )x:o} (272)
O =)\hLC{(d§;(_I )x:zw—- ((:17)}’ )x:o} (n=23,...N)
(27b)

where T, (X) represents a temperature distribution of the nth
fin. Equations (27) show that the heat transmitted through the
nth heat pipe is conducted to the n— 1th and »th fins in ac-
cordance with Fourier’s law. Adding up all the expressions
given by Eqs. (27), one has the total heat transfer which will
be equal to the heat load specified as Eq. (6):

N
o=Y 0, (28)
n=1

The subsequent analysis is made to determine a steady-state
fin temperature distribution. As regards the nth fin
(n=1,2,...,N—1), steady states are governed by the same
expression as Eq. (8):

a?T

n

Y]
dx?

=(ey+e)oT?—q, 29

But the boundary conditions associated with Eq. (29) are
different from Eq. (10):

T,(0)=Tjg, T,(2W) =Ty - (30)
-Equation (12) is expressed as:
0,=T,/Tg, 31

By using Eqgs. (11) and (31), Eq. (29) is rewritten as:

%,
dx? Bn”n TB,,

vT3, 607 B (32)
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Equation (30) then becomes:

0,(0)=1 0,(2) =Tg;5i/ Tpy (33)
The variational method can be also employed to solve the
boundary value problem defined in Egs. (32) and (33). Ac-
cording to this method, the problem is attributed to finding an
extremum of the following functional:

2¢rdo, N2 2 28
J = {(—.d):> 5 : T ]
n So + 3 vT%,05 T, 0, (dx (34)

Easily proved, the extremum gives a solution of Eq. (32). For
minimizing Eq. (34), one employs the Ritz procedure. This
requires a test function to be introduced. The following ex-
pression satisfying Eq. (33) is taken here as the test function:

0, =1+ (Tgyi/Tg,—1)x/2—c,(2x—x?) (35)

The integrations in Eq. (34) are carried out by using Eq. (35)
to reduce the expression of J,,. The unknown coefficient c,
(n=1,2,...,N—1)is derived from the relation dJ,/dc, =0:

23 B
Cn= % {7T129n (ZTB}E-FI - TBn) - T_Bn ]

4 -1
X {1 + 3 vT3, (3Tgri7— TB,,)} (36)

Now one considers the zeroth and Nth fins. The tem-
perature distributions are also governed by Eq. (32) because
all fins are the same in thermal properties. The boundary
conditions are, however, different from Eq. (30):

Ty (0)=Tg, Ty(W)=0;

Th(0)=Tgy, TL(W)=0

37

The second and fourth expressions of Eq. (37) show that there
is no conductive heat loss from both edges of the panel. The
following expression is then substituted for Eq. (31):

8o=Ty/ Ty, On=Tn/Tgy (38)

By using Egs. (11) and (38), Eq. (37) is rewritten as:
6,(0)=1

0,(1)=0 (n=0,N) 39

Because of Eq. (39), the functional resulted from Eq. (32) is
different from Eq. (34) in the upper limit of the integral:

1esdo Nz 2 28
J = {( ) < \T3 05——e]dx 40
n SO dx +57 Bn¥n TBn n ( )

Since Eq. (39) is essentially the same as Eq. (15), the same
expression as Eq. (17) is employed as a test function to
minimize Eq. (40):

6,=1-c,(2x—x?) “1n
Substitution of Eq. (41) into Eq. (40) leads to a reduced ex-

pression of J,. The unknown coefficient c¢,(n=0,N) is
determined so that dJ,/dc, =0:

23 B8 8 -1
Co= ;,6 <7T“Za1 - T_Bl) (1 + E'YTfn) (42a)

23 B 8 -1
n=2 (wgw 7 ) (1 + 37T§N) (42b)
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The temperature gradients at the fin roots can now be
estimated by using Eqgs. (35) and (41). Equations (27) are
thereby reduced to the expressions which yield the following
result:

2NAL, =
= M (coTB,+2 ) c,,TB,,+cNTBN) 43)
n=1 X

where ¢, ¢y, and c, are given by Eqs. (42) and (36). The
known-heat-load problem becomes then solvable by the use of
Egs. (43) and (6).

" Variable Conductance Heat Pipe Radiator (type 3)

The performance of heat pipe radiators may be improved
by building variable conductance into the feeder heat pipes.
This new type is similar to type 2 except that a gas reservoir is
added to the condenser end. The configuration and the
coordinate system are the same as those shown in the lower
part of Fig. 1. The analytical results, obtained in the previous
section, are therefore applicable to this system. However, Eq.
(24) needs to be modified because there exists a gas-blocked
region being inactive as the condenser. This fact can be ex-
pressed in terms of the active condenser length. Thus Eq. (24)
is rewritten as:

Q,=NLgn (Tyn=Tpy) (44)
Because of this expression, Eq. (26) becomes:
Tgy=Q,{ =N/C,édogu— (I/NL,+1/NL,)}  (45)
where Q, is given by Eq. (21).

In response to the above change, Eqs. (27) turn into the
following expressions:

Qi =ML, {~ <%’ >x=o— (%% )X:O} (46a)
O =ML, {(c%;:] )X:2W_ (C;Q )X:o} (n=2,3,....N)
(46b)

The differential derivatives in Egs. (46) are evaluated by using
Egs. (31), (35), (38), and (41). Equation (28) is thereby ex-
pressed as:

A
Q= W [LU, {2T g, (Co+c;)+(Tg, —Tpy)/2)
N-1
+ Lul1{2(TBl1—1Cri¥1+TBncn)+(2TBH_TB—I
n=2

Ty ) /23 + Ly 2(Tgpz oy + Tpntyy)
(T =Ton )12} @

where ¢, (n=0,1,...,N) and Ty, (n=1,2,...,N) are given by
Eq. (36) or (42) and by Eq. (45), respectively. If L, =L, for
all the heat pipes, Eq. (47) then reduces to Eq. (43). Such a
case occurs when the heat is supplied over a specified limit.
The fin root temperature is predictable from Eq. (45)
provided that the active condenser length can be estimated.
The flat-front theory!®'* provides a simple mathematical
model describing the formation of a gas plug in the condenser
section which acts as a diffusion barrier to the vapor flow.
The model is based on the following assumptions: 1) the
interface between the active and shut-off portions is very
sharp; 2) the total pressure is uniform throughout the heat
pipe; 3) the vapor-gas mixture is ideal; and 4) the molar
noncondensible gas inventory remains constant for all
operating conditions. The gas temperature is 7 in the inactive
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portion of the condenser and T, in the hot nonwicked
reservoir. The partial pressure of the control gas is then equal
to p,—p, in both regions where p, and p, are the vapor
pressure at T, given by Eq. (25), and that at T, respec-
tively. In each region, the molar gas inventory is determined
from the equation of state of perfect gas. This results in the
following expression: ‘

N = PamPIAY L —Ly) | Py =Ps) Vi
¢ RT, RT,

(48)

where L.~ L_, shows the inactive condenser length. Equation
(48) is then transformed into:

L, VT, N,RT,
= - (49)
L, V. V.(p,—bs)
with the relation:
V.=A,L, (50)

An estimate of the active condenser length can be thus made if
p, is known. For fluids of interest, vapor pressure data are
readily taken from the literature !5-'7 but, for convenience, one
employs an empirical formula of fairly good accuracy:

p=exp(a,—a,/Ty—a,/T3) 1)

where p is expressed in N/m and T, in K. Typical values of
the coefficients a,, a,, and a, are as follows:

a,=2.1969x 10, a,=2.1228 X103, a,=9.1527 x10*

for NH, (52a)
a,=2.0870x 10, a,=2.4047x103, a,=1.1012x 103

for Freon-11 (52b)
a,=2.1888x10, a,=2.8417x103, a,=1.6991 x 104

for Freon-21 (52¢)
a,=2.3365x10, a,=3.5206x10%, a,=1.6385x10°

for CH,OH (52d)k

Now one considers another type? of variable conductance
heat pipe radiator, type 3, replacing a fluid line header with a
fixed conductance heat pipe to which load is provided from a
heat exchanger. Since the condensation rate of a vapor flow is
almost uniform in the header condenser section, the load is
equally distributed over all the feeder heat pipes. Hence every
pipe works in an identical fashion that Ty, =T,, T,,=T,,
p,=p,and L, =L, (n=1,2,...,N). Equations (28) and (44)
and Eq. (47) are thereby reduced to the following expressions:

Ty =Ty (I +4Nhc/A W) (53)
Q=4NNL,Tyc/W (54)

where c is written as Eq. (18). The three unknowns 7, T,
and L, can be numerically determined from Egs. (53), (54),
and (49).

Fin-and-Tube Conical Radiator (type 4)

Figure 2 shows a fin-and-tube conical radiator of which the
upper and lower radii and the length are r;, r,, and L,
respectively. The radiator consists of N tubes and N fins.
Every fin is trapezoidal as seen from Fig. 2, and the sth fin is
bordered by the nth and n + 1th tubes. One end of the nth tube
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Fig. 2 Conical radiator (type 4) and solar‘direclion.

is connected with that of the n+ 1th tube, and thereby the
liquid passage distance becomes NL/cosé where § is the half-
apex angle of the radiator cone.

Because of such a geometry, one meets with a difficulty in
the analysis of radiators of this type. But the difficulty can be
overcome by a simplification of the geometry. Thus one
substitutes a rectangular fin for the trapezoidal fin. The half-
fin width is here specified as:

W=rsin¢g (55)

This expression is completed with the following relations:
¢=7n/N (56)
r=(r;+r,)/2=r;+Ltand/2 57

Since Eq. (4) is also applicable to this system, the represen-
tative temperature of the nth tube can be expressed as:

Ty, =b"Ty, (58)

where T, is given by Eq. (22) but the coefficient b differs
from Eq. (5):

b’ =1+ (C,i,c0s8/Nhyp,,L)logy (59)

The inside surface of the conical radiator is usually ther-
mally insulated; and, hence, the internal radiation exchange
can be neglected. The steady-state temperature distributions
are, therefore, predictable from the equation slightly different
from Eq. (8) or (29):

d?T
! =egT?—q, (60)

N
dx?

where g, is the solar energy absorbed in the nth fin:
q,=olH,n(H) (61)
The function 5 (H,,) denotes a Heaviside unit step function
which is 1 when H,, =0 and 0 when H,, <0. The factor Hj,
is derived from the inner product between the solar vector and
a unit normal vector of the nth fin surface:
H,, =sinf,cosé cos{¢,—2¢(n—1)}—cosbsind (62)
By using Egs. (11) and (31), Eq. (60) is rewritten as:

d20,
dx2

B8
=Y T5.0% — T—" ' (63)
Bn :

where 3, and v, are defined as:

g, W? _eoW?
DY Yo= A

B (64)
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Fig. 3 Radiatively interacting longitudinal fins (type 5) and solar
direction.

The boundary conditions are also given by Eq. (33), but it
should be noted that TBW’ is identical to T, . Since Eq. (63)

is essentially the same as Eq. (32), the solution is expressed as
Eq. (35). The coefficient ¢,,, however, differs from Eq. (36):

23 B
¢ _—‘{’Yonen(ZTBM'/_TBn)" ”}

" 40 Ton
4 -1
x {1+370T§”(378h—+-,—rgn)} (n=1,...N~1I)
23 8,
N=15 {‘yon,N(ZTB, —Tn) — ﬁ} (65a)
(65b)

4 -
X {1+370T§N(3TBI _TBN)}

Then one obtains the following expression regarded as a
reduced form of Eq. (43):

AL
Q= Y. eu T (66)

Radiatively Interacting Longitudinal Fins (type 5)

This is a radiator of technically interesting configuration in
which radiant interchange takes place between neighboring
fins spaced at regular intervals of the angle 2¢. A principal
portion of such a radiator is a tube to which are attached N
longitudinal fins, W in width and L in length. As seen in Fig.
3, heat is extracted from a liquid that flows through the tube.
For analytical treatment of such a configuration, it is suf-
ficient to single out a typical pair of fins as pictured in the
lower diagram of the figure. Attention is, therefore,
directed to V-groove cavities consisting of the n — 1th,  nth,
n+ 1th fins. In considering net radiation loss from the fins, an
energy balance on the nth fin yields the following represen-
tation:

Q,/WL=2e0T?—2B,,eaT%—B,,(eaTt=; +e0T?57) —q,

(67)
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where fin temperatures are assumed to be uniform. Full
details of B,,, B,,, and g, are given in the Appendix. In Eq.
(67), the second term shows the radiant energy emitted from
the nth fin and absorbed there again, while the third term
expresses the radiation from the n—1th or n+ 1th fins which
is eventually absorbed in the nth fin.

One now employs the following approximation to estimate
the heat carried from the liquid to the nth fin:

3NALT,
Qn=—4u7u:"(u,,—u,,) | (68)
where u, and u g are defined as:
u,=eoT} ug=eal}h (69)

By using Egs. (68) and (69), Eq. (67) is rewritten as:

3NhTy 3NAT,
2(1_BH+ W)u" =B (up=j+u;sg) =q"+W
(70)

This expression forms simultaneous equations from which the
fin temperatures are computed. Taking the average of Eq. (1)
over the interval 0=<z=1, one has the temperature which
should be used as T:

Tp=bT, (u—1)/logp ()

Equations (28) and (68) amount to the heat radiated from all
the fins:

3NNALT, ( N
0= (s~ ngu"/N) 2)

The problem is thus attributed to solving Eq. (70). Although
Eq. (70) is generally solvable, the solution has a rather
sophisticated form. It is, however, simply expressed as
follows in the case of no solar heat input (g, =0):

INnTy INeT, -1
= (1-B-B+ W> (73)
Equation (72) then reduces to the following expression:
3INNALT 3NT, -1
o= Wﬁ (1-B;,—8;) (1—31/ -B,+ ﬁ)
4

Numerical Results and Discussions

First, one deals with a known heat load problem of a type 1
radiator system. The general configuration is representative
of the Apollo spacecraft radiator system analyzed by Russell
and Chapman.! The design parameters are as follows: L =3.2
m, W=528 cm, n=0.762 mm, A=2.04 cm-K, ¢,=0.95,
€=0.0, C,=293 J/g:K, &,=137 g/s, h =0.0312
W/cm?-K, and p, =1.44 cm. The use of Eqgs. (18) and (19)
with a load Q/N of 138 W/tube leads to the liquid tem-
peratures that T;, =314.3 K and T, =279.9 K in case of zero
irradiation environment (7, =0 K). Russell and Chapman'
present a similar result that 7, =313 K and T, =279 K. Such
a good agreement shows that results based on Egs. (18) and
(19) are so accurate as to require no corrections.

Discussions are continued on type 2, type 3, and type 3’
radiator systems. Each system consists of a fin panel and six
feeder heat pipes with ammonia as working fluid. The
evaporator length is 30.5 cm; and the panel is 0.813-mm thick,
1.83-m long, and 10.2 cm in half-interval between two
consecutive heat pipes. The vapor cross-sectional area is 0.383
cm? in every part of the heat pipe; and, hence, the volume of
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condenser section amounts to 70.1 cm?. The fins are 2.05
W/ecm-K in heat conductivity and 0.90/0.0 in surface
properties €,/¢. The Freon-21 flow rate in a header is 63.0 g/s,
and the specific heat of the liquid at constant pressure is 1.05
J/G-K over a specified load range. The header-to-feeder
conductance and the feeder-to-fin conductance, A, and N\, are
0.666 W/cm-K and 0.924 W/cm-K, respectively, per unit
length. Each reservoir is 547 cm?3 in volume, and filled with
0.25 mole of gaseous nitrogen. The reservoir temperature is
held constant by using thermostatically controlled heaters. All
the parameters defined above are the same as those employed
by Edelstein* who gave plenty of performance test data on
heat pipe radiators. This permits direct comparison of
analytical predictions with his numerical or experimental
results. 4

For a type 2 radiator system with a load of 200 to 400 W,
the results computed from Eqgs. (36), (42), and (43) are as
follows: T, =248.1, 260.1, and 274.9 K when T, =194, 216,
and 239 K for the lower load; while, for the upper load,
T,,=282.0, 290.7, and 301.8 K at the same sink tem-
peratures. Closely correlated results are given by Edelstein?;
that is, 7, =255, 262, and 274 K when Q=200 W, while
T, =281, 290, and 301 K when Q=400 W. Correlations
between such two predictions in liquid temperatures hold also
for a type 3 radiator system. For instance, when 7, =216 K,
T, =228 K, and Q=200 or 400 W, one finds from Egs. (36),
(42), (47), and (49) that T, =292.0 or 293.6 K. Edelstein*
then estimates 7, at 291 or 296 K. Thus, the use of Egs. (36),
(42), and (43) or Egs. (36), (42), (47), and (49) causes no
significant errors in solutions of known heat load problems of
type 2 or type 3 radiator systems.

Numerical results are now compared with experimental
ones. The predicted outlet temperatures of the type 3 radiator
system are .291.8, 293.6, and 296.1 K when T,=210 K,
T, =228 K, and Q=240, 440, and 590 W. The test results*
corresponding to them are 291, 294, and 298 K, which are
marked in Fig. 4. Then, for a type 3’ radiator, the fin root
temperatures T calculated from Eqgs. (53), (54), and (49) are
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Fig. 4 Thermal characteristics of heat pipe radiators (types 2 and 3).
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291.10r 292.7 K when T, =216 K, T, =227K, and Q=198 or
462 W. Similar results, T, =285 or 291 K, are obtained in
tests* performed under the same conditions.

Although both results are in good agreement, it should be
pointed out that the tests* were done in a l-atm ambient
condition. and that convection effects could not be entirely
climinated. Vacuum test data for the same radiator con-
figuration are therefore required to infer a degree of con-
vective transfer. The test results reported by Ward® are
available for this purpose. For the type 3’ radiator, the tests’
were conducted in a vacuum at three different sink tem-
peratures of 239, 194, and 144 K. The averaged fin root
temperatures® are as follows: 1) T, =289, 290, 291, and 295
K when Q =100, 200, 300, and 381 W for the hot environment
of 239 K; 2) T =280, 284, and 290 K when Q =200, 398, and
500 W for the cold environment of 194 K; and 3) 7T =282 and
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290 K when Q=500 and 600 W for the colder environment of
144 K. The reservoir temperatures were then 239, 240, 241,
and 254 K for the first series of testing; 200, 211, and 233 K
for the second ones; and 199 and 234 K for the third ones.
With such conditions as stated above, Eqs. (53), (54), and (49)
yield the following results: 1) 75 =294.9, 295.6, 296.4, and
298.3K; 2) T5 =286.4, 289.0, and 292.4 K; and 3) T =286.8
and 291.9 K. Thus, the predicted temperatures are consistent
not only with the test results* in the air but also with those? in
the vacuum. This indicates that the convection effects are here
small to a satisfactory degree.

Figure 4 displays the inlet and outlet liquid temperatures,
T, and T, of type 2 and type 3 radiator systems operating
at the sink temperature of 210 K; and, in addition, the
midpoint temperature 7, (0.5) of the fourth fin. The active
condenser length L,, of the fourth heat pipe of the type 3
radiator is also plotted in the figure. From a two-dot chain
line in Fig. 4, it is seen that the active condenser length L,
amounts to 1.83 m (full length) whenever the load Q exceeds
560 W. In such a case, the fourth heat pipe no longer acts as a
variable conductance heat pipe. It is then seen from Fig. 4 that
a tighter control of the liquid temperature is obtained for the
type 3 radiator system over that of type 2. The type 3 radiator
system basically meets the performance requirement that the
liquid outlet temperature should be maintained between 294
and 305 K over a load range of 200 to 600 W.

Parametric studies have been made to present technical
knowledge available to design or operation of variable
conductance heat pipe radiators (type 3). The results of prime
importance are given in Figs. 5-7, to which the following data
are common: A=2.05 W/cm-K, 4£=0.813 mm, ¢,=0.90,
€=0.0, L=1.83 m, L,=30.5 cm, W=10.2 cm, N=6, C, =
1.05 J/g-K, X,=0.666 W/cm-K, A.=0.924 W/cm-K,
V,=70.1 cm?, and T,=210 K. Unless otherwise provided,
ammonia is chosen as working fluid and the following data
are employed: V, =547 cm?, N,=0.25 mole, T, =228 K,
and @, =63.0g/s.
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Table 1 Iniet and outlet liquid temperatures of conical radiator (type 4)
' Q=400kW 0=600 kW
hmm  L,m N m, kg Ty, K Ty K T, K Tour K
60 778 677.1 597.1 893.4 773.5
7.0 70 803 608.0 528.1 763.4 643.5
1.5 80 828 570.5 490.6 695.2 575.3
60 940 596.2 516.3 761.5 641.6
9.0 70 970 548.8 468.8 673.7 553.8
80 1000 522.4 442.5 626.9 507.0
60 800 720.7 640.8 945.1 825.2
5.0 70 820 649.5 569.6 812.0 692.1
80 840 610.8 530.9 741.9 622.0
60 988 611.8 531.8 770.5 650.6
2.0 7.0 70 1013 568.3 488.3 691.2 571.3
80 1037 543.9 464.0 648.4 528.5
60 1194 551.4 471.5 678.5 558.6
9.0 70 1224 520.9 440.9 624.1 504.2
80 1253 503.2 423.2 594.0 474 .1
60 970 665.8 585.9 842.2 722.3
5.0 70 990 616.5 536.6 751.7 631.8
80 1010 588.6 508.6 702.8 582.9
60 1198 578.6 498.6 709.4 589.5
2.5 7.0 70 1222 547.4 467.5 654.6 534.7
80 1247 529.5 449.6 623.9 504.1
60 1447 528.1 1448.2 636.9 517.0
9.0 70 1477 505.9 425.9 598.3 478.4
80 1507 492.6 412.7 576.3 456.4
60 1139 633.8 553.9 783.3 663.5
5.0 70 1159 596.5 516.5 716.4 596.5
80 1180 574.8 4949 679.5 559.6
3.0 60 1408 558.5 478.6 673.9 554.0
7.0 70 1433 534.6 454.7 632.5 512.6
80 1457 520.4 440.4 608.7 488.8
In Fig. 5, the quantity of nitrogen gas, NV,, is plotted as 304
abscissa against the Freon-21 outlet temperature T, as

ordinate. The reservoir-to-condenser volume ratio, V,/V,, is
taken as a parameter in Fig. 5. This figure serves as a basis of
determining the optimal reservoir volume and the required gas
quantity. In the case where the liquid outlet temperature is
required to be maintained between 294 and 305 K, the volume
ratio V,/V, of 8.0 is desirable and the reservoir should be
filled to the extent of 0.25 to 0.35 mole with gaseous nitrogen.
A remarkable feature in Fig. S is that the liquid outlet tem-
perature never falls below 291 K in any case where the heat
load is 600 W. Such phenomena are due to the heat load
exceeding the control limit, resulting from the fact that all the
pipes then work as fixed- rather than variable-conductance
heat pipes. ‘

In general, too little quantity of control gas results in nearly
fixed conductance. Excessive gas loading is also undesirable
because of arresting the growth of active condenser length.
Two limits are thus laid down as allowable gas quantities,
producing such regions as the hatched portions in Fig. 6. This
figure, in which the abscissa is expressed in logarithmic scale,
can be used to find the gas quantities to be loaded in ac-
cordance with four sorts of working fluids widely used in heat
pipe technology. For a load range of 200 to 600 W, the
preferable amount of gaseous nitrogen is estimated at 0.003 to
0.008 mole for methyl alcohol, 0.02 to 0.04 mole for Freon-
11, 0.04 to 0.08 mole for Freon-21, and 0.2 to 0.4 mole for
ammonia.

Figure 7 displays liquid temperature control characteristics
of a type 3 radiator system. The heat load Q is here plotted as
abscissa against the reservoir temperature T, as ordinate
when @,=63.0 g/s, and also against the liquid flow rate &, as
ordinate when T, =228 K. From two groups of curves in the
figure, one can find the temperature 7 or the flow rate o,
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Fig. 8 Effect of surface reflectances and number of fins on liquid
outlet temperature (type 5).
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which should be controlled in response to the specified load Q
and the required outlet temperature 7.
Now one considers a type 4 radiator configured as r, =2.06
m and r, =6.60 m and exposed to the solar radiation of 0.14
W/cm?2. The fins are made of beryllium, specified as 1.85
g/cm? in density, 2.05 W/¢m-K in heat conductivity, and
0.25/0.90 in surface properties a/e. The tubes are 4.38 cm in
wetted perimeter and 1.36 W/cm?-K in coefficient of heat
transfer between liquid bulk and tube wall. The cooling liquid
is Nak-78 of 0.878 J/g-K in specific heat at constant pressure,
and is pumped at the mass flow rate of 5.7 kg/s. The inlet and
outlet liquid temperatures, computed from Eqs. (65) and (66),
are listed in Table 1 for a typical sun direction defined as
defined as 6, =¢, =90 deg. For a space flight power system,
the radiator is usually optimized to be lighter in weight and
smaller in liquid temperature variation. If the design
requirements are such that A=2.0 mm for meteoroid
protection, m=<1200 kg for mission attainability, and
440<T,, <500 K over a load range of 400 to 600 kW, one
then finds from Table 1 that an optimal radiator is 2.0 mm in
thickness, 9.0 m in length, and 70 in number of tubes.

Figure 8 is here presented to illustrate the effect of fin
surface nondiffusiveness on thermal control characteristics of
a type S radiator. The data used for Fig. 8 are as follows:
A=2.05 W/ecm-K, h=1.0 mm, «=0.25, €=0.90, L=1.0 m,
C,=1.05 J/g-K, «@,=63.0 g/s, h,=1.36 W/cm?-K,
p,=438cm, I,=0.14 W/cm?, ,=90 deg, ¢, =40 deg, and
Q=150 W. In Fig. 8, the liquid outlet temperature T, is
plotted against the fin width W, and the number of fins, N, is
taken as a design parameter. The curves represent the results
for purely diffuse or purely specular surfaces, that is, for
ps=ps=0.0 or pp,=p%=0.0. As expected, the liquid outlet
temperature is considerably influenced by both the surface
reflectances and the number of fins.

Concluding Remarks

Application of variational techniques has resulted in
analytical expressions of fin surface temperature distributions
of space radiators with pumped liquid circulation. These
expressions have yielded a simple algorithm which permits
accurate estimation of the inlet and outlet liquid tem-
peratures. Based on this algorithm, a computer program has
been developed for performance calculations of five types of
radiators with or without heat pipes. The program can be used
to determine the number of tubes or heat pipes needed and to
optimize mass and dimensions of the radiator panel or cone.
The validity of the program has been demonstrated by good
agreement between numerical and experimental results for
typical radiator configurations. Numerical computations have
provided several charts which are useful in the design op-
timization of a variable conductance heat pipe radiator
system.

Appendix

Two sets of orthogonal coordinate systems are used for the
analysis on radiative heat transfer in a V-groove cavity shown
in the lower diagram of Fig. 3. The tube to which longitudinal
fins are attached is chosen as the X axis and as the Z axis.
The first fin plane contains the X, axis, from which the solar
azimuth angle ¢, is measured in the counterclockwise
rotation. The x axis is taken so as to be contained in the nth
fin plane (n=1,2,...,N) and, therefore, intersects with the X,
axis at an angle of 2¢ (n#— 1) where ¢ is defined as Eq. (56).
The nth cavity consists of the outside surface of the nth fin
and the inside surface of the n + 1th fin, that is, surfaces 1 and
2

The view factors between them are expressed as:
F,=1-sin¢ O<¢p<m/2 (A1)
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=0 if w/d<sp<n/2 (A2b)

Fi5 12 =1—sin3¢ if 0<é<nw/6 (Ala)
=0 if 7/6=sp<7/2 (A3b)
Fi1512=1—sind¢ if 0<¢<n/8 (Ada)
=0 if 1/8<¢p<n/2 (A4b)
Fi2121n2=1—sin5¢ if 0<o<w/I0 (ASa)
=0 if 7/10=¢<7/2 (A5b)

Equations (A2-A5) represent the generalized view factors. For
better understanding of such factors, one takes the factor
Fi212n2 as an example. If surfaces 1 and 2 are perfect
reflectors, this factor shows the proportion of radiation from
surface 1 which arrives at surface 2 after four specular
reflections.

The so-called semigray model can be employed to account
for optical properties of fin surfaces. Thus they are specified
by both the infrared emittance e and the solar absorptance o.
The surface reflectances, p and p*, are then divided into
diffuse and specular components dependent on the relations
e+ps+pp=1and a+p¢+p} =1. The asterisk is appended to
indicate the solar wavelength region. The exchange factors are
now expressible in the following series of specular com-
ponents, pg and p}, of the reflectances:

Ep=Fp+03F;0n:+pF 100002+ (A6a)
E11=PSF1(2)1 +P§F1(2,1,2)l+"‘ (Abb)
EL=Fp+o8Fi00n 4o Fioian+ - (A6c)
E}=p8F 10, ve8 Fion + (A6d)

Since there is no difference between surfaces 1 and 2, the
following relations hold:

E, =Ej, Ey=Ey, (A7a)

E3 =E7, E3, =E7, (A7b)

Such reciprocity rules as Eqgs. (A7) hold also for the ab-
sorption factors:

BZI:BIZ 322=B” g (ASa)

B3, =B}, B3, =Bj, (A8Db)

The factor B;; shows the proportion of radiation from surface
i which is eventually absorbed at surface j after all possible
intervening reflections. This results in the following ex-
pressions:

By =¢E; +ppE; B; +ppE;; By (A9a)

Biy=€eE;; +ppE By +ppE;; By (A9Db)

Because of Eq. (A8a), Egs. (A9) reduce to simultaneous linear
equations. Hence the solutions are readily obtained:

B, =€t (I —ppE;)E; +ppE Y/ (I—ppE;)?
—(ppE;)?) (A10a)

B =¢E,/{ (1—ppE;;)? — (opEp)?) (A10b)
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In the solar wavelength region, one finds the expressions
similar to Eqs. (A10):

Bf,=a{ (I -ppET) EY, +ppET? }/ L1 —ppET)?

—(pHET)?) (Alla)

By, =aEnL/{((1-phE;) > — (ppET) ?) (Al1b)

In analyzing the solar field in a V-groove cavity, it should
be noted that there exist two different kinds of radiant flux
originating from the incident sun beam. One of them consists
of collimated flux, resulting from direct impingement or
intervening specular reflections. The other is composed of
randomly distributed flux due to diffuse reflections
characterized by Eqs. (A8b) and (A11). Their contributions to
the solar irradiance on surface i (i=1,2) of the nth cavity are
expressed in the coefficients G,; and H,,, respectively. In the
solar flux, $,, entering the nth cavity, the portion diffusely
reflected from surface { amounts to p;®,H,;, and B}, of this
quantity is eventually absorbed in the outside surface of the
nth fin. Then only a part estimated at a«®,G,, is absorbed
there without experiencing any diffuse reflections. The solar
flux &, —; inthe n—1th cavity behaves also in the same
manner as ®,. Thus one finds the solar energy, g,, absorbed
on the inside or outside surfaces of the nth fin:

qn :q)n (aGnl +pt)HnIB;‘l +DBH”2372)

+ & (oG +opH, BT, +pp H -4, B1)) (Al2)
where @, is expressed as:
&, =21;sind singH,n (H,,) (A13)
The factor H,, is here defined as:
H,,=cos{p,~¢(2n—1)} (A1)

The coefficients G,; and H,, are obtainable provided that
the specular reflection history is known for the incident sun
beam. For this reason, the solar flux entering the cavity
opening named surface 3 is divided into M subflux (M>1).
The vector r,,,; is then introduced to specify the surface on
which the jth specular reflection of the mth subflux
(m=1,2,...,M) takes place in the nth cavity. This vector is,
therefore, equal to e, e,, or e; which identify surfaces 1, 2, or

3.
1 0 0
e,:[ J, ezz{ } e3=[ J (Al5)
0 1 0

If the mth subflux eventually exits the cavity after j
specular reflections, then r, .=e;. Since the expression
p¥~'r,,, indicates the place and the rate of occurrence of the
Jth specular reflection, the specular reflection history of the
mth subflux is generally expressed in terms of the vector R,,,
defined as:

Rmnzrmn1+p§rnm2 +p§2rmn3+"' (A16)

The coefficient H,; is now computed from Eq. (A16) in the
following fashion:

M
H,=lim Y, R,e/M (A17)
M-

*® m=1

With a view to determining the coefficient G,;, the vector

R is generalized so as to contain angular information on

nm
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specular reflections. This leads to the vector J,,, defined as:

— *
"nm - lenonnmI |rnml +pS anml”an |rnm2

+p§2 anmZnnm3 lrmn3 +-- (Als)

The vector n,,,; shows a unit vector normal to the surface on
which the jth specular reflection occurs. This vector is,
therefore, given by either V;, N,, or N; which are unit in size
and perpendicular to surfaces 1, 2, or 3:

0 (" sin2¢ coso
N,= ,N2=L s Ny=1 (A19)
1 —c0s2¢ sing

The vector D,,; (j=1,2,...), associated with n,,;, expresses
the direction toward which the mth subflux turns after j
specular reflections, but the vector D, simply expresses the
direction of the solar flux incident on the nth cavity. Hence
they are written as:

Lo sinf cos{p,—2¢4(n—1)}
Dnmj = > Dan =
M i sinf sinfo, —2¢(n—1)}
(A20)
One then finds the expression similar to Eq. (A17):

M
Gy= lim Y, J,.e/M (A21)
M-

nm¥i
® m=1

Equations (A17) and (A21) can be numerically evaluated if
one has all the details of R,,, and J,,,. An attempt, based on
three-dimensional analytical geometry, is therefore made to
present equations which make possible to determine r,,,,
M,.i»and D, ... Such equations are derived from Fresnel’s law
of reflection, and finally reduce to a series of expressions
suitable for application of iterative technique. This results in a
program for the iteration starting with

Fomo = €3 (A22a)
!mo=sinf.cosfo, —2¢(n—1)},
Mg =sinfsinf e, —2¢(n—1) (A22b)
P =5in0 [sin(p, —2n¢) + 2sing
xcosfe,—d(2n—1)}(m—12) /M) (A22¢)

The parameter p,,, is here introduced to specify the distance
from the origin. The iteration is carried out in the following
manner. First, if the conditions:

O< P/ My <l and r,,.e, =0 (A23)
hold, then one has:

Fomjv1 =€ Ry = (A24a)

Limic1= —lom M ymis 1 = My (A24b)

Second, if the conditions:

0<p,,/(m,,cos2¢—1,, sin2¢) <! and r,,.e,=0 (A25)

nmj

hold, then one has:

Fomjy1 =€, nnm_/' 1= N2 (A26a)
Lymjs1 = —~Lyc084—m,,  sindé
M ypis 1 =My, CO840— 1, sind¢ (A26b)
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If neither of the conditions (A23) and (A235) is satisfied, the
iteration comes to an end. The results are then accompanied
by:

rnmj+1 =€z (A27)
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